Abstract. Let X be a completely regular Hausdorff space, E a Hausdorff topological vector space, V a Nachbin family of weights on X, and CVi, (X,E) the weighted space of continuous /^-valued functions on X. Let B(E) be the vector space of all continuous linear mappings from E into itself, endowed with the topology of uniform convergence on bounded sets. If φ : X -* B(E) is a continuous mapping and / € CV^(X, E), let
Introduction
The fundamental work on weighted space of continuous scalar-valued functions has been done mainly by Nachbin [5] , [6] in 1960's. Since then it has been studied extensively for a variety of problems such as weighted approximation, characterization of the dual space, approximation property etc. for both scalar-and vector-valued functions (see, for instance, [1] , [2] , [5] , [6] , [7] , [11] ). Recently Singh and Summers [10] have studied the notion of composition operators on CVb(X, E). Later, Singh and Manhas [8] , [9] made an analogous study of multiplication operators on CV¡, (X, E) , assuming E to be a locally convex space or a normed space. This paper is a continuation of our earlier paper [3] in which we have studied, in the non-locally convex framework, multiplication operators on weighted function spaces which are induced by scalar-and vector-valued mappings.
The purpose of this paper is to characterize those multiplication operators which are induced by operator-valued mappings. These results extend, in particular, some results of Singh and Manhas [9] for E a locally convex space or a normed space to the case of E a general space or a locally bounded space, respectively.
Preliminaries
Let X be a Hausdorff space and E a Hausdorff topological vector space with a base W of neighborhoods of 0. X is called a KR-space if, for every function / : X -> R such that F/K is continuous for each compact subset Κ of X, f itself is continuous. Note that if X is a Ä#-space, y is a completely regular Hausdorff space (or, in particular, a Hausdorff topological vector space), and / : X -> Y is such that F/K is continuous for each compact subset Κ of X, then / is continuous. A neighborhood G of 0 in E is called shrinkable [4] if rG Ç int G for 0 < r < 1. By ( [4] , Theorems 5 and 6), every Hausdorff topological vector space has a base of shrinkable neighborhoods of 0 and also the Minkowski's functional pa of any such neighborhood G is continuous.
Let S + (X) denote the set of all non-negative upper-semicontinuous functions on X, and let (5+(X)) be the subset of S + (X) consisting of those functions which vanish at infinity (have compact support). A Nachbin family on X is a subset V of S + (X) such that, for any χ € X, there is some ν £ V with v(x) > 0 and given u,v e V, there exist w Ε V and t > 0 so that u, υ < tw (pointwise); the elements of V are called weights. Let C(X, E) (Cb(X, E)) be the vector space of all continuous (and bounded) ¿/-valued functions on X, and let CVt,(X,E) denote the subspace of C(X, E) consisting of those / such that vf is bounded for each ν € V. When E -C (or R), these spaces are denoted by C(X), C¡,(X), and CVb{X).
Given any Nachbin family V on X, the weighted topology w v on CVb(X,E) is defined as the linear topology which has a base of neighborhoods of 0 consisting of all sets of the form
N(v, G) = {f β CV b (X, E) : (vf)(X) C G},
where ν € V and G € W; CVb(X, E) endowed with w v is called a weighted space. We mention that if V = S¿(X), then CV b (X,E) = CV 0 (X,E) = Cb(X, E) and w v = β, the strict topology, and we write it as (Cb(X, Ε),β)\ if V = S+(X), then CV b {X,E) = CV 0 (X,E) = C{X,E) and w v = k, the compact-open topology, and we write it as (C(X, E),k). For more information on weighted spaces, we refer to [1] [2] [3] , [5] [6] [7] [8] [9] [10] [11] .
Let B(E) denote the vector space of all continuous linear mappings from E into itself, endowed with the topology of uniform convergence on bounded sets, i.e. the linear topology which has a base of neighborhoods of 0 consisting of all sets of the form
where A is a bounded subset of E and G G W. Given a mapping φ : X -» B(E) and / € CVb(X,E), we let = φ/, where (Φϊ){χ) = ip(x)(f(x)) (χ G X). If Μφ maps CVb(X,E) into itself and is continuous, then it is called a multiplication operator on CVj,(X, E) induced by φ.
Main results
Throughout this section we shall assume, unless stated otherwise, that X is a completely regular Hausdorff Ä^-space and E is a non-trivial Hausdorff topological vector space with a base W of shrinkable neighborhoods of 0.
We first give a necessary and sufficient condition for Μφ to be the multiplication operator on the weighted space CVb(X,E).
We then use this characterization to show that, in case E is a locally bounded space, then Μφ is a multiplication operator if φ is a bounded mapping or V =
S¿(X).
Our main result is Proof. We may assume that W consists of closed, balanced, and shrinkable sets.
(a) => (b). We first show that Μφ maps CVb(X,E) into itself. Let / G CVb(X, E). Since X is a KR-space, it is enough to show that ipf is continuous on each compact subset of X. Let Κ be any compact subset of X, and let {xa : a G /} be a net in Κ with xa -• χ G Κ. Let G G W, and let Gì 6 W with Gì + Gì Ç G. Now {f{xa) : α G 1} is bounded and so, by continuity of ψ, there exists an ai G I such that 
1>{xß)(f{x ß )) -Φ(χ)(ί(χ)) = 1>(xß){f(x ß )) -i>(x)(f(xß)) + φ(χ)(ί(χβ)) -iKx)(f(x)) e Gì + Gì CG for all β > α 0 · Hence ipf E C(X,E). To show that ipf E CV b (X,E), let
ν eV and G E VV. By hypothesis, there exist u E V and H eW such that (3) v
(x)PGW(X)(V)) < Ph{U{X){V))
for all χ E X and y E E. Choose λ > 0 such that u(x)f(x) E XH for all χ E X. Then, it follows from (3) that ν(χ)ψ{/{χ)) e Λ G for all χ e X. This proves that ipf e CV b {X,E). 
v(x)p G (lp(x)(fa{x))) < u{x)p H (fa(x)) < 1 or equivalently v(x)ip(x)(f a (x)) € G. So Μψ is continuous at 0 and hence, by linearity, it is continuous on CV b (X,E). (b) => (a). Let υ G V and G € W. By hypothesis, there exist u E V and H eW such that (4) M^(N{u,H))CN{v,G).
We claim that
v(x)p G (ip{x)(y)) < 2u(x)p H (y)
for all χ € X and y € E. Let xo € X and yo 6 E. Then we consider four cases: 
{iel: u(x)pH(yo) < e} and g = (h ® yo)/e, we easily obtain ν(χο)ρβ(Ψ(χο)(υο)) < ^ν(ζο)ρσ(^(χο)(ι/ο))
which is impossible unless v(xo)pG{ip{xo)(yo)) = 0. The proofs for Cases III and IV, being similar to Case II, are omitted. This completes the proof.
We now deduce that, under some additional conditions on ψ, Μψ is automatically a multiplication operator. 
E X and y E E, v(x)pG(^(x)(y)) = v(x)pa{T(y)) < u{x)pu(y), as required. COROLLARY 3.3. Suppose E is a locally bounded space and ψ : Χ -• B(E) is a continuous and bounded mapping. Then Μψ is a multiplication operator on CV b {X,E).
Proof. Let ν E V and G E W. We may assume that G is a bounded neighborhood of 0. Choose a closed and shrinkable H E VV with H Ç G. Putting, if necessary, ^Η instead of Η we can suppose that mH C G.
Let u = v. Then, for any χ E X and y E E,
This completes the proof.
Finally, we apply Theorem 3.1 to the cases V = S+{X) and V = S¿(X). The following result with E being a locally bounded space extends ( [9] , Proposition 2.3) where E has been taken to be a normed space. THEOREM 
Suppose E is a locally bounded space and ψ : X -* B(E) is a continuous mapping. Then Μψ is a multiplication operator on (C(X,E),k).
Proof. We need to verify that condition (a) of Theorem 3.1 holds for V = Sc(X). Let υ G V and G E W. Choose a compact Κ Ç X such that v(x) = 0 for all χ E X\K. We may assume that G is a bounded neighborhood of 0. 
